Given Γ ⊆ Q * a multiplicative subgroup and m ∈ N + , assuming the Generalized Riemann Hypothesis, we determine an asymptotic formula for the number of primes p ≤ x for which the ind p Γ = m, where ind p Γ = (p − 1)/|Γ p | and Γ p is the reduction of Γ modulo p. This problem is a generalization of some earlier works by Cangelmi-Pappalardi, Lenstra, Moree, Murata, Wagstaff and probably others. We prove, on GRH, that the primes with this property have a density and, in the case when Γ contains only positive numbers, we give an explicit expression for it in terms of an Euler product. We conclude with some numerical computations.
Introduction
Let Γ ⊆ Q * be a finitely generated multiplicative subgroup and let m ∈ N + . The support of Γ is the (finite) set of primes p for which the p-adic valuation v p (g) = 0 for some g ∈ Γ. We denote this set by Supp Γ and define σ Γ = p∈Supp Γ p. For each prime p σ Γ , it is well defined the reduction of Γ modulo p. That is Γ p = {g (mod p) : g ∈ Γ}.
The aim of this paper is to determine, given Γ and m as above, whether there exist infinitely many primes p such that ind p Γ = m. To this purpose we introduce the function:
So, N a (x, 1) enumerates the primes p for which a ∈ Q is a primitive root modulo p. The famous Artin's conjecture for primitive roots, proved by Hooley in [2] assuming the Generalized Riemann Hypothesis (GRH for short), predicts an asymptotic formula for N a (x, 1) and, in particular, predicts the existence of infinitely many primes p for which a is a primitive root modulo p, as long as a ∈ {−1} ∪ {q 2 : q ∈ Q}. The work of Hooley was generalized by several authors (including Moree [7] , Murata [9] , Lenstra [4] , Wagstaff [14] and others) who determine, assuming the GRH, an asymptotic formula for N a (x, m). In particular, Lenstra, Moree and Stevenhagen, in [5] , propose a complete characterization, assuming the GRH, of the pairs (a, m) for which there are no primes p a with ind p a = m. For a complete and updated account, we refer to Moree's Survey [8] .
In another direction, the first author and Cangelmi in [10, 1] , determined, on GRH, an asymptotic formula for N Γ (x, 1), the number of p ≤ x for which Γ p contains a primitive root modulo p. The main goal of this paper is to consider N Γ (x, m) in a general context and to propose the following:
* be multiplicative subgroup of rank r ≥ 2 and let m ∈ N. Assume that the GRH holds for the fields of the form
In the special case when Γ ⊂ Q + , we express the value of ρ(Γ, m) as an Euler product. To this purpose, we need to introduce some notations. If η ∈ Q * , by δ(η) we denote the field discriminant of Q( √ η). For any k ∈ N + , we use the notation
where, if X ∈ Γ(2 α ) and
Q 2 α for a unique squarefree integer η, and δ(X) = δ(η) which is well defined. It is clear thatΓ(α) ⊂ Γ(2 α ) is a subgroup and thatΓ(0) is trivial.
We prove the following:
Theorem 2. Let Γ ⊆ Q + = {q ∈ Q; q > 0} be multiplicative subgroup and let m ∈ N. Denote
Remarks.
• It remains to deduce an Euler product for ρ(Γ, m) in the case when Γ ⊂ Q + . This task presents more serious technical difficulties and should be addressed in the future.
• A tedious, but routine, computation shows that for Γ = g with g ∈ Q + , the formula for ρ(Γ, m) coincides with the one due to Wagstaff [14, page 143] or with the one due to Moree [7, Theorem 3] .
• The density ρ(Γ, m) is a rational multiple of
.
The rational factor can be explicitly computed via the identity
where ∆ 1 , . . . , ∆ r are the exponents of Γ and
2 if m is even and − 1 ∈ ΓQ * m .
See [1, Section 3] for some details.
• In the special case when Γ = p 1 , . . . , p r , where p 1 , . . . , p r are primes in ascending order, we have that |Γ(k)| = k r for all k ∈ N. Therefore
Then, a calculation shows that
Notational conventions
Throughout the paper, the letters p and always denote prime numbers. As usual, we use π(x) to denote the number of p ≤ x and li(x) = x 2 dt log t denotes the logarithmic integral function.
ϕ and µ are respectively the Euler and the Möbius functions. An integer is said squarefree if it is not divisible for the square of any prime number. If η ∈ Q * , by δ(η) we denote the field discriminant of Q( √ η). For α ∈ Q * we denote by v (α) the -adic valuation of α. For functions F and G > 0 the notations F = O(G) and F G are equivalent to the assertion that the inequality |F | ≤ c G holds with some constant c > 0. In what follows, all constants implied by the symbols O and may depend (when obvious) on the small real parameter but are absolute otherwise; we write O λ and λ to indicate that the implied constant depends on a given parameter λ.
On the vanishing of the Density
In this section we investigate, in the case when Γ ⊂ Q + , the problem of determining whether
is finite. If Γ = g with g ∈ Q \ {0, 1, −1}, this problem has been solved (on GRH) by Lenstra [4, (8.9 )-(8.13)] (see also [7, Theorem 4] ). In fact we have:
Proposition. Let g ∈ Q + \ {1} and write g = g h 0 , where g 0 ∈ Q + is not the power of any rational number. Then ρ Γ,m = 0 if and only if one of the following two conditions is satisfied:
Therefore, on GRH, N g ,m is finite if and only if one of the above two conditions is satisfied.
In the higher rank case, we can generalize the above in the following way:
* be a non trivial, finitely generated subgroup and let m ∈ N. Then ρ Γ,m = 0 when one of the following two conditions is satisfied: (3) is trivial and there exists X 0 ∈Γ(v 2 (m)) such that 3 is the only odd prime that divides δ(X 0 ) and that doesn't divide m.
Furthermore, if m is odd, the first condition is also necessary in order to have ρ Γ,m = 0.
Proof. Since A Γ,m = 0 for all m and all Γ, the equation ρ(Γ, m) = 0 is equivalent to
If 2 m, then the above identity specializes to
It is clear that if Γ and m satisfy 1., then Γ(2) =Γ(1) and each factor on the right hand side above equals 1. So (5) is an identity. On the other hand |B Γ,2m | ≤ |Γ(1)| ≤ |Γ(2)|. So if (5) is an identity thenΓ(1) = Γ(2) and for all g ∈ Γ,
This implies that for all g ∈ Γ, δ(g) | m and the condition in 1. is satisfied.
Next assume that the condition in 2. is satisfied. We claim that B Γ,m = B Γ,2m = 0 which implies that (5) is an identity. Observe that
By the same argument, we observe that, if
Γ(v 2 (m) + 1) also satisfies that 3 is the only odd prime that divides δ(X 0 ) and that doesn't divide m. So we deduce that B Γ,2m = 0 and this concludes the proof. 
Proof. Suppose that Γ and m satisfy the first condition in the statement of Proposition 3. Let p ∈ Supp Γ and let g 0 ∈ Γ be such that
Let g 0 ∈ Γ be such that X 0 = g 0 Q * 2 v 2 (m) . We have that 3 | δ(g 0 ) by hypothesis and that δ(−3g 0 ) divides m.
which is a contradiction and this completes the proof.
Remark. Unfortunately, we are unable to show that if 2 | m and ρ(Γ, m) = 0, then the second condition in the statement of Proposition 3 is satisfied nor we are able to provide a counterexample for such a property.
Lemmata
In this section we present some results needed for setting up the proofs. We start by the Chebotarev Density Theorem. The following version is obtained using the effective version due to Lagarias and Odlyzko [3] .
Lemma 5 (Chebotarev Density Theorem). Let Γ ⊂ Q * be a finitely generated subgroup of rank r and k ∈ N + . We denote by Q(ζ k , Γ 1/k ) the extension of the cyclotomic field Q(ζ k ) obtained by adding the k-th roots of all the elements in Γ. Then the GRH for the Dedekind zeta function of Q(
An explicit formula for the degree Q(ζ k , Γ 1/k ) : Q can be found in [12, Lemma 1]:
Lemma 6. Let k ≥ 1 be an integer. With the notation above, we have that
where
Furthermore, in the special case when Γ ⊂ Q + ,
The invariant ∆ r (Γ) of a multiplicative subgroup Γ ⊆ Q * with rank Z (Γ) = r is defined as the greatest common divisor of all the minors of size r of the relation matrix of the group of Γ (see [ 
Corollary 8. Let r = rank Z (Γ) ≥ 2 and let P (t) denotes the product of all primes up to t. Then we have the following:
Proof. We apply Lemma 7 and we use the fact that ϕ(mk) ≥ ϕ(m)ϕ(k). Hence
Note that
The result follows from (7) and from the standard estimate
Next lemma is implicit in the work of C. R. Matthews [6] :
Lemma 9. Assume that Γ ⊆ Q * is a multiplicative subgroup of rank r ≥ 2 and assume that (a 1 , . . . , a r ) is a Z-basis of Γ. Let t ∈ R, t > 1. We have the following estimate
Proof of Theorem 1
Let Γ and m be as above and set r = rank Z (Γ). We can suppose that r ≥ 2 (otherwise we refer to earlier work on the topic [4, 5, 7, 9, 14] ). Like usual, the proof follows the classical framework of Hooley's [2] . We start with the simply Inclusion/Exclusion Principle:
First, we deal with U (x; m, t). By Lemma 5 (Chebotarev Density Theorem) and Lemma 8, we have:
We choose t = log x 2r so that P (t) ≤ x 1.1/(2r) . Hence
In order to estimate E Γ (x; m, t), we define, for any t ≤ ξ < θ ≤ x,
Applying Lemma 9, we obtain
Using the Chebotarev Density Theorem 5 and Merten's formula, we deduce:
Finally we choose ξ = x 0,45/r /m 2 and we deduce that
Hence the thesis.
Proof of Theorem 2
We start by applying Lemma 6:
So, if we set, for k even,
and, for k odd, we set Γ 2 (k) = {1}, we deduce that
The condition δ(η) | nm is equivalent to
| n. Therefore, if we set
,
where, for d = mη m , we used the identities:
A calculation leads to the identity
We set
Observe that, if m is even, η → η 
Therefore, subtracting the two expressions for ρ o and for ρ e , we obtain
Numerical Examples
In this section we compare numerical data. All values have been truncated to 7 decimal digits. The first table compares the values of ρ(Γ r , m) as in (4) (second row) and N Γr,m (10 9 , m)/π(10 9 ) (first row) with Γ r = 2, . . . , p r , r ≤ 7 (p i is the i − th prime) and m = 2, . . . , 16. 
